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Abstract 



We solve the massless Schwinger model exactly in Hamiltonian formalism 
on a circle. We construct physical states explicitly and discuss the role of the 
spectral flow and nonperturbative vacua. Different thermodynamical correla- 
• tion functions are calculated and after performing the analytical continuation 

are compared with the corresponding expressions obtained for the Schwinger 
model on the torus in Euclidean Path Integral formalism obtained before. 



1 Introduction 

It is well-known that systems composed by Dirac fields and gauge fields possess a 
very intricate 'non-perturbative structure' (NPS). An essential part of this NPS is 
determined by topological properties of gauge field configurations and spinor field 
configurations, and their relations described by 'Index theorems'. It is the aim of 
this paper to describe the non-perturbative structure for a simple example as pre- 
cisely and transparently as possible. This model is U{1) gauge theory with massless 
fermions in two space-time dimensions, the so-called Schwinger model (SM) [1]. We 
consider this model in the Hamiltonian formulation in 1 + 1 dim. Minkowski space- 
time and compare obtained results with the corresponding results obtained before 
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in the path integral formulation in Euclidean space. Our central point will be the 
description of the relation of these two approaches. There are many occasions where 
a better understanding of this relation is highly desirable. We are convinced that 
the necessary preciseness in the description of the NPS can be achieved only if it is 
considered in a limit of field theories on compact spaces [2]. We choose as starting 
points the Hamiltonian formulation of the SM on a circle Si — {y\0 < y < L}, and 
its path integral formulation on the torus T2 = {a;^|0 < < L^;fi = 1,2}. It is 
important that the result of both treatments are explicitely documented in litera- 
ture. For the discussion of their relation, one has to show that the thermodynamical 
expectation values are related to the corresponding expressions in path integral ap- 
proach by analytical continuation. In ordinary field theory, this is generally treated 
by methods related to the Osterwalder-Schrader Theorem. Here we want to discuss 
this topic for the SM including the topological features of NPS on compact spaces. 
In more complex, more physical gauge theories like QCD, such questions are treated 
in a less transparent manner under the heading of the 'vacuum tunneling picture'. 

The following Table should give an overview of our progam. It should be un- 
derstandable for people familiar with the literature. Otherwise we will quote the 
relevant results below. 



2 



Fliirlidpa.Ti Path TntPErral 


PTamiltoniaTi FormulatioTi 


General path integral formula 


Canonical formalism and 
thermodinamical expectation values 


Topological quantum number 


Non-trivial gauge family 


Atiyah-Singer Theorem 


Spectral flow theorem 


Hittective action tor the gauge neld 


Dirac sea construction 
Current algebra 
Bosonized fermion operator 


Regularization, point splitting 


Regularized charges and Hamiltonian 


Invariant gauge field integration 


Quantum theory of 

gauge field in temporal gauge 

Manton condition 

Gauss constraint 

Bogoliubov transformation 


Z factor 


Partition function 


Gauge field propagator 


Thermo dynamical expectation values 


Instanton zero mode contribution 


Excited nonperturbative 

vacuum 


Fermionic condensate 
{ilj{x)ilj{x)) 

Currents correlation function 
Densities correlation function 


Thermo dynamical expectation values 

^ (^/^(a;)^(a;))^ 

^ {Tj,ix)j,ix'))p 

<— {Tlp{x)lp{x)lp{x')lp{x')) j3 



The paper is organized as follows. In Section 2 we briefly review the results ob- 
tained before for the SM on a circle in Hamiltonian approach [3], [4], [5] and relevant 
for the present consideration. In addition to these results we give some new infor- 
mation which concerns gauge invariant states and the expressions for observables 
functions in the nontrivial topological sectors. Section 3 is devoted to the canon- 
ical calculations of thermodinamical expectation values and important correlation 
functions. In section 4 we show how expressions obtained in Hamiltonian and Path 
integral approach [6], [7], [8], [9] relate to each other. Some technical details are given 
in the Appendices. 
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2 Canonical treatment of the SM on a circle 



In this section we want to give a compilation of quantum mechanical ingredience of 
the SM on a circle. For further details we refer to the quoted literature [3], [4], [5]. 
The starting point is the Hamiltonian in temporal gauge (^o(y) = 0, Ai{y) = 
A{y),a — ^5 and F{y) is an electric field ): 

H = £dy!^^ + -^^^;\y)a{^y-^eA{ymy)'^ 

= Hf + H, (1) 
together with the canonical CR 

[F{y), A{y')]. = -^S{y - y'), [F{y), F{y')]_ = . . . = 0, 

{My),4(y')} = ^iy-y')^ap^ {My),My')} = ■ ■ ■ = o, 

and the Gauss law as a constraint dyF{y) + eil)\y)ip{y) =0. L is a circumference 
of a circle S\ and 5{y) is Dirac's 5 -function on it. 

The Gauss law is implemented by the gauge transformations generated by 

G[Ao] = dy{dyF{y) + e^l:\y)^l:{y))Xo{y). (2) 

e JO 

The infinitesimal gauge transformation for Ao(0) = \q{L) follow from the CR 

i[G[\olA{y)] = -dy\o{y), i[G[M,F{y)] = 0, (3) 
e 

i[G[\olij{y)] ^ i\o{y)i^{y), i[G[\,li,\y)] = -i\o{y) i^\y) . 

The topology of 5*1 induces a classification of gauge transformations A[A„(?/)] accord- 
ing to winding numbers n: A[A„(|/)] = e*'^"*^^^ with A„(L) — A„(0) = 27rn, n integer. 
If n 7^ (n = 0) we call A[A„(|/)] a large (small) gauge transformation. A general 
leirge gauge transformation is a product of a special large gauge transformation, 
i.e. A„ = e27ri?ii//L^ with a small gauge transformation. In particular A„ transforms 
a constant gauge field A = Jq A{y)dy: 

A4A) = A + ^ . (4) 
e 

Therefore eA in the interval < eA < 27r is a gauge invariant quantity. It represents 
a topological non-trivial family in the space of gauge invariants. 
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2.1 Spectral flow and vacuum structure 

In the following we consider first Hg as the Hamiltonian of fermions in an external 
gauge field. For this we regard the expansion of in normal modes of the 

'single particle Hamiltonian H^: 

1 

y-Aiy) = -<^{dy - ieA{y))(t)k{y) = EkCpkiv)- (5) 
z 

For periodic boundary conditions the solutions of the eigenvalue equation are 

^ J j , with ER^k ^Ek= '^(k - A), 
J J , with EL,k = -Ek, 



(t>R,k{y) 


= My) 


(t>L,k{y) 


= My) 


My) 




A 


2n Jo 



{y)dy, k integer. (6) 

The spectrum of H shows the phenomenon of 'spectral flow': When A varies 

between the gauge equivalent values: 0-^1, then the positive chirality energy 
decreases: E^^k —>■ ER^k — '^T^/L , and the negative chirality energy increases: EL^k 
EL,k + 27r/L[3]. 

With help of these wave functions the fermion operators are represented by 
creation and annihilation (CA) operators 

^iy) = My) + My) = E i<k)cj)R,kiy) + h{k)4>My)) > 

k 

= Y.[^\k)<t>\k{y) + h\k)ct>\khj)) . (7) 

k 

Spectral flow leads to an involved 'Dirac sea construction' of the vacuum state which 
determines the representation of the CR: 

{a{k),a\k')} = {h{k),h\k')} = 5k,k', 

{a{k),a{k')}^{h{k),h{k')}^...^Q. (8) 

We define a 'relative Dirac sea state' (RDSS) : | A^_|_, A^_; A) in which all energy levels 
ER^k < ER^N_^_{EL^k ^ El^n-) with chirality +(— ) are occupied, and with the other 
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levels empty: 

a\k)\N+, N_; A) = for A; < iV+ - 1, 



a{k)\N+,N^ 
b{k)\N^,N_ 
b\k)\N+,N_ 



A) = ior k> iV+, 

A) = ioT k<N_- 1, 

A) = for > N_. (9) 



Gauss law implies that on 5*1 the total charge is zero. This means — N_ as we 
will show below. 

We introduce the Fourier decomposition for the currents with positive and neg- 
ative chirality 

j±{y) = U\y){i ± a^y) = % + jEMk)e'-''^- (lo) 

In terms of a and b operators j±{k) can be written as follows: 

n 

j_{k) = Y,b\n)b{n + k). (11) 

n 

A careful calculation shows [4], that on the RDSS they satisfy the CR of current 
algebra 

\j±{k),3i{k')]^±k5u,k', k,k'>0, j±{k)^ji{-k). (12) 

2.2 Regularized charges and regularized Hamiltonian 

The chiral charge operators Q±, as well as the fermion part of the Hamilton operator 
Hq might be expressed by the CA operators. In order to make them well defined 
they must be 'Wick ordered' with respect to the RDSS |A^+, N_; A). For example 



2 h 

oo 

Y,aKk)a{k)^ ^ a}{k)a{k) 

k k=N+ 
N+-1 N+-1 

- Y: a(fc)at(^)+ 1 

k=—oo k=—oo 



M+[£a\k)a{k)] +\im ^ \\Ek\''. (13) 



k s 



6 



The constant, i.e. the expectation values {Q±) in the RDSS, must be regularized. 
We choose the ^-function regularization, as we have indicated in the last line. The 
result is 



{Q) = (Q+ + Q_) = 7V+-7V_ = 0, 
(Qs) = (g+-Q-) =iV+ + 7V--l-2A 



(14) 



In the following we restrict ourself to 'electro-magnetically neutral' RDSS: {Q) — 0, 
i.e. N+ = N_ = N. 

Similarly we get for the fermionic Hamiltonian 

Hg = J2{EkaHk)a{k)-Ekb^{k)b{k)} 

k 

oo N+-1 N+-1 

= J2 Eua\k)a{k)- Eka{k)a^{k) + \im ^ Ek\Ek\-' 



k=N+ 
N--1 



k=—oo 

oo 



fe=— oo 

oo 



with {E)r 



2n 
L 



J2 Ekh\k)h{k)+ Ekh{k)b\k)-]iTa Y EklE^r 

k=-oo k=N- k=N- 

: H, :jv +{E)re^: (15) 

{A — N + ^)'^ — ^ . It is the dependence of Q5 on A which leads 

— -LF, where F is the constant part 



2/ 12^ 

to the Heisenberg equation: = i[H,Q^ 
of the electric field F{y). 

This implies that the chiral charge is not conserved ('chiral anomaly'). It 

has its origin in the phenomenon of spectral flow. 

It turns out [3], [4] that on the space generated by j±{k) , applied to the RDSS 
the following expression describes the same excitations as : Hg 



2n 



q -N- 



Yijiik)h{k)+j4k)jUk)) 



(16) 



fc>0 



Thus on this space we identify : Hg -.n with this Sugawara form (16). 



2.3 Diagonalization of the total Hamiltonian 

For the diagonalization of the total Hamiltonian on the sub-space of gauge invari- 
ant states wc have to include the effect of the part Hp of the Hamiltonian Eq.(l) 
depending on the gauge fields. First we introduce the Fourier decomposition of the 
gauge fields 

m -F+jY: fik)e'''^''i, f\k) = fi-k), (17) 

^ k^O 
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27r - 1 

A{y) = —A+-Y. A{k)e'-^^t, A\k) = A{-k). (18) 

On gauge invariant states we may use the Gauss condition which reads in Fourier 
components 

'^m + e{Mk)+j4k))^0. (19) 

It allows for /c 7^ the elimination of the Fourier component of F{y) in Hp, and 
leads to the introduction of the Coulomb energy: 



2 Jo 2 L tTn 



k>0 

,2 r2 



= §^' + ^E^(j+(^)+jl(^))(j+(^)+J-(^))- (20) 



Adding to Hp the fermionic Hamiltonian with vacuum part and Sugawara form of 
the excitation, we may write H, Eq.(l) , as 



1\2 1 

A-N + -] 

2j 12 



+jT.{jiik)Mai,{k)Mk) -2nk} 

Huac ~\~ Hg^xci (21) 

with M+- = = e^LyAn^k^ M++ = = 27r + e^iyAn^k^ 

Let us first treat H^ac- It acts on the RDSS of Eq. (9) with the constant poten- 
tial A, as a parameter. In quantum mechanical language, we consider A diagonal: 
operator A acting on \N,A) gives c-number A miltiplied \N,A). 
With the ansatz Eqs.(5),(6) we have gauged away space dependent components of 
A{y). However, the phenomenon of spectral flow makes these states not invariant 
under large gauge transformation 

U-'^lN^A) ^\N +1,A+1). (22) 

According to Manton, gauge invariant states must be a superposition 

[d{A}j:^^{{A})\N,{A}), (23) 



CO 



N 



where {A} is a fractional part of the electromagnetic potential's global part which we 
considered before :A — [A] + {A}, and [A] is an integer part. Note that {A} e [0, 1) 



8 



is invariant under large gauge transformations , so it is invariant under all gauge 
transformations. Wc will continue the function \&]v({^}) to the whole interval [0, 1] 
using so called Manton's 'periodicity conditions ': 

= ^r^(O), = *;,(0), (24) 

(prime means derivative) because the states |A^, ^ = 0) and |A^ + 1, ^4 = 1) are gauge 
equivalent, and the spectrum flow makes the transition smooth. 
According to the Hamiltonian Eq.(21), the wave function ^Ar(A) which describes 
its eigenstatc for fixed N and < A <1 must satisfy the Schroedinger equation 



+ 



(1- AT +1/2)^-1^ 



*Ar(^)=£;*iv(A). (25) 



It is of the oscillator type. Its normalized solutions are 

1 



^^,n(A) = [- ) J^^.MV^iA -N+ l/2))e-^ 



-f (A-Ar+l/2) 



2 



(26) 



with u; = 47r^/^/eL = An/mL, Hn denotes the Hermite polynomial, and the energy 
eigenvalues 

E^^m{n + 1/2)-^. (27) 

The wave functions (26) obey Manton's periodicity conditions (24). The physical 
gauge invariant ground state of if^ocwhich we call physical vacuum is therefore 

Iphys.vac.) = ^j^'d^(^y^'e-t(^-^+V2)^|Ar,^). (28) 

Now we will treat Hexc- We can diagonalize jl{k)M.ab{k)jb{k) with the help of a 
Bogoliubov transformation 

A{k) = —^{j+{k) coshQ;(A;) + j-{k) sinhQ;(A;)), 



with 



B\k) = ^ (j+ {k) sinh a{k) + j-{k) cosh a{k)), (29) 



cosh2o;(fc) = -=^{2TTk/L + e'^L/{ATr^k)), 



smh2a{k) = e^L/{4TT^E{k)k), 

m 



2nk\ e2 ^ ^ 
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These operators A{k), B{k) etc. satisfy the usual canonical CR: 

[A{k),A\k')] = 5uk',... 

The Bogoliubov transformation can be implemented in the usual manner by the 
unitary operator : U — WkU {k) , with 

Umu{k),3.{k))U-\k) = VkiA{k),B^{k)) , 

U(k) = expj-^ {jUk)j-(k) - Mk)jUk))y (31) 

Adding up the partial results of this Section, we get for the transformed total Hamil- 
tonian, Eq.(l) 



Z 1j 



01 _i 

2 6 



+ E l^(^) {A\k)A{k) + B\k)B{k)) + E{k) - ^1 

H'vac ~l~ Hexc • (32) 

This expression contains the main result of the canonical treatment of the SM. The 
first term describes an intricate vacuum structure as discussed above. The second 
term describes right and left moving massive free particles on the circle. 

2.4 The algebra of observables 

Of course we should make some remarks on how fermions are described by observ- 
ables. There is a general scheme for extending the physical Hilbert space generated 
by local observables to a larger space in which field operators relatively local to the 
observables are represented [10]. For currents on a circle satisfying an algebra with 
CR like above Eq.(12), we get 

3±{x) = % T -^d:c^±{x) , (33) 

L a/TT 



where the scalar fields ip±{x) are defined in Eqs.(A.21) and (A. 43). 

We have the bosonized expressions for the fermion fields (see Eqs.(A.3) and 
(A.13)) 

Vl 

= _l^(J^^^^'2-^ifQ+-i-^f+ieJ^ A{x')dx' . ^-i2^^+{x) . ^ ^34^ 
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and 



— (J_U_^-2-^ifQ-+iT^f+ief^ A(x')dx' . ^-i2y/^(p-{x 



(35) 



where the operators C_, U±^A{x) and B{x) are defined in Appendix A (Eqs.(A.46), 
(A.12), (A.35) and (A.4), (A.27)) and C+ = 1. 

Using bosonization formulae (34), (35) and the relation between operators j±{k) 
and operators A{k) and B{k) which are obtained after Bogoliubov transformation 
(for (A; > 0)) 



j+{k) = Vk[A{k) cosh a{k) - B^{k)smha{k)] , 
j.{k) = \/k[B^ (k) cosh a{k)-A{k)smha{k)] , 

we get for the chiral operator 



(36) 



X exp E + P^ik)A\k) - Pl{k)B\k) - Pl{k)A{k) + Px{k)B{k)\ , 
t^o ^k J 



where 



(3^{k) = -j= [cosha{k) - sinha(fc)] e'^'^^^* . 
and for the gauge invariant fermionic bilinears {0 < x < y < L): 



(38) 



fe>0 



X exp E - + Px,y{k)A\k) - p;jk)B\k) - Pl,{k)A{k) + Py,x{k)B{k) 



WR{x)e ■'y 



(40) 



fe>0 



X exp E ^ + P^Ak)A\k) - ol,{k)B\k) - ply{k)A{k) + <Jy,,{k)B{k) 



I(x)e''=-^.'^("')'"V«(y) = -iclC/lC/+e2-t«-+2-rQ+e*-^ (41) 



X exp E I- PyAk)AHk) + P:,y{k)B\k) + P;,Mm - Px,y{k)B{k) 



k>0 
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and 



X exp E + ^^MA^k) - plAk)B\k) - al^{k)A{k) + Py,MB{k) 



(42) 



fe>0 



where 



(5^^y{k) = coshQ;(A;) - e-''^^'^* sinhQ;(A;) 



Pa;,2/(A;) = -^cosh.a{k) [e 
(^x,y{k) = --^sinhQ;(/c) (e" 



27rifef -2mk^ 

L, g 



27rifcf _ g-27riA;f ' 



(43) 
(44) 
(45) 



3 Thermodynamical expectation values. Canoni- 
cal calculations. 

We want to calculate the thermodynamical expectation value (t.e.v.) 

(•••)/.= ^Trp,,,{...e-'^«}, (46) 

where 

Z = Trphys (e-^^) (47) 

is a partition function. The Trace has to be taken with respect to the physical, 
gauge invariant states. Since the total Hamiltonian (21) is a sum of the 'vacuum' 
Hamiltonian i/yac and 'excited' Hamiltonian i/gxc and [H^ac^ H^xc] = 0, the Hilbert 
space, where the Hamiltonian H acts, can be expressed as a direct product of the 
Hilbert spaces Hvac (with the states with space momentum A; = 0) and Hexc (with 
the states with k ^ 0) and we have very important factorization 

(• • = (■ • h,vac X (. . .)f3,exc , (48) 

where 

(...)A.ac=^TV^_{---e-^''-}, 

^vac 

Z^a. = IVw.^e {e-^""-) (49) 
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and 

^exc 

Zexc = TVwe.c (e-^^-^) . (50) 

Let us start with the vacuum sector. 
Physical, gauge invariant states in Ti-^ac have a form (23). As we know the Hamil- 
tonian has a discrete spectrum Eq.(27) and its eigenstates \En) can be taken 
as a basis in the space Hvac- So 

TrH.„e (• • • e-^^"-) = Ei^nl . . . \En)e-^'^\ (51) 

n 

where 

\En) = E f'dA^ifr,,n{^)\N,A) (52) 

and the wave function ^jvn(^) is a solution Eq.(26) of the Schroedinger equation 
(25). 

For the partition function in the vacuum sector we get 

n 

= E t dA f' dA{N\A\^>*^,^,{A')^>^^r,{A)\N,A)e-P^- 
= e-^+iJE/'^^n,n(^)*iv,n(^)e-^-" 
= e-^+ 1 ^ dA exp[-(^(i - TV + 1/2)^] 

X E VT^"(^(^-^+V2))^n(v^(^-A^ + l/2)), (53) 

where we have used the orthogonality of the vacuum states 

(TV', A'\N, A) = 5n',nS{A' - A). (54) 

and the expression Eq.(27) for the spectrum. Prom this with help of the Mehler 
formula (see e.g. [12]): 

oo 

e-|-^e-^^'E2""^n(^)^n(^)^ 

n=0 



2(1 - e) 



(55) 
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and Manton's periodicity conditions (24), which allows the extension of the integra- 
tion interval from [0, 1] to (—00,00) we get 

Zvac = e-^+fe (^-^'^ (1 - e-2'^-)-V2 d^e--^^*-'^^ (56) 
and by evaluating the Gaussian integral the final result 

^"""^ ^ 2sinh(^) 

In the same way we can get for the t.e.v. of any gauge invariant (under all (small 
and large) gauge transformations) quantity F{A) 

km), = {F{A)),,.ac = 7^1^^ r die-^^-'^^F(A) . (58) 

V TT J-00 

Of course, the result Eq.(57) can be obtained just by summation 

00 

n=0 

Now let us consider the excited sector. Using the property of Trace we get for 
any operator O 

= IVh_ (Oe-^^-) , (60) 

where the operators with tilde are those which one obtains after implementation of 
the Bogoliubov transformation. Since H^xc is just an infinite sum of the Hamiltonians 
of independent harmonic oscillators the calculation of t.e.v. becomes a simple task, 
since O operator will be written in terms of operators A and B and their Hermitian 
conjugates. For the calculations one should use straightforward generalizations of 
the formulae for one or two harmonic oscillators given in the Appendix B. 

3.1 Fermionic condensate 

We have 

(^(a;)^(a:))^ = {i,Ux)M^))p + {i'i{x)M^))p ■ (61) 

14 



(57) 



^0 2sinh(f^) ^ ^ 



The vacuum part {1jJll{x)^lJL{x)) is^vac is essentially calculated like Z^ac- Using the 
bosonization formula (37) we get 



TV„_{^lj(a;)^L(x)e-^^-} = -y ^ f dA f dA' (62) 



X *^,_JA')(iV', A'plU^N, A)e-^^-^N,n{^) 

X exp[-(a;/2)(A - A^' + 1/2)'] exp[-(u;/2)(l -N + l/2f] 



X E^5^^n(v^(^-^' + V2))^n(^/^(^-iV+l/2)) 
n 'in. 

L KttJ J-oo ' 

where we have used the equation 

(TV', A'\UiU_\N, A) = 6n',n+iS{A' - A), (63) 

which follows from the properties of the f/+ and f/_ operators (see Appendix A). 
Calculating the Gaussian integral and using the result Eq.(57), we get finally the 
vacuum part 

(4(x)V'l(x)),,_ = -ie-^-*'^(^). (64) 

In order to calculate the t.e.v. over the states with space momentum A; 7^ 0, we have 
to use the bosonization formula (37) and the formula (B.14) from Appendix B. 



,exc 

) )3,exc 



(exp ^ 1 + p,{k)A^{k) - (3l{k)B\k) - (3l{k)A{k) + m)B{k) 



k>0 



fe>0 

According to Eqs.(38) and (30): 



1 2tt 
(5l{k)(5,{k) = -(cosha(fc) - sinha(fc))^ = (66) 
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So we get our final result 

{ilji{x)Mx))f) = -ie-TfLC°th(^)gEfc>o{i-rlw-°tM^)} _ ^57^ 
L 

The same result we will get for {iPl{x)iPr{x))i3 if we use the fact that 

{N',A'\UiU+\N,A) = Sn',n-iS{A' - A). 

So 

(V^(x)V^(x))^ = _le-^-^^('^)eS'=>o^^-™^°^^(^)> . (68) 
L 

In path integral formulation of the SM on a torus we have the following results for 
the chiral fermionic condensate [8] , [6] , [7] , [9] : 

{iP{x)P±^{x)) = -!^e'''^^°^"^^ (69) 

where P± = |(1 ± 75), Li and L2 are lengths of two circumferences of a torus, ?7(r) 

is Dedekind's function [11], [12] and r = ij^. 

The propagator G{x) satisfies the following equation 

□ (□ - m')G{x -y)^ 5^'\x - y) - ^ , (70) 
where 5'^'^\x — y) is Dirac's 5-function on the torus. 

It can be written as the difference of a massless and massive propagator on the torus 
orthogonal to the constant functions: G{x) — l/m^{G'o(x) — Gm{x)}. There is a 
closed expression in the massless case written through Jacobi's 9 funcions [11], [12]: 



where z = ^li^. It can also be written as the infinite sum 

r i 1 ^l cosh[g^(f -|X2|)] xi_ M ,7,, 

"^""^ ~ 47r ^ sinh(7rn|T|) ' 2Li 12 ' ^ ^ 

In the massive case we use the infinite sum for Gm{x^ = Gm{x) + l/m^LiL2: 

^ . , 1 ^ cosh[£;(n)(L2/2-|a;2|)]e'"^"^ 
2LiV £;(n)sinh[L2£;(n)/2] 
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^(coth^coshm|x.|-sinhm|a;,|) 



cos ( 27rn|^ 



coth [ — ^7f— - ) cosh(ii^(n)|x2|) — sinh(ii^(n)|a;2|) 



(73) 



E{n) 



m 



1/2 



Prom Eqs (73) and (72) we see that Go{x) is a limiting case of Gm{x) when m — > 0. 
With the help of the equations (72) and (73) the expression for chiral condnsate 
Eq.(69) can be rewritten 



Ll 



which is exactly our equation (67) if we put in it /3 = L2, L — Li. 



(74) 



3.2 Currents correlation function 

Using Eq.(lO) we get 

{U{x,t)u{x',t'))p = ^{Q+{t)Q+{t'))p,, 



g27rifef +27rjfc'^ 



(75) 



Let us first calculate {Q+{t)Q+{t'))i3^vac ■ On the physical space Q+ — —Q- — 
Q5/2 and the vacuum Hamiltonian has a form (we omit the constant term — ^ 
which is inessential for the calculations of the expectation values) 



Hvac = -^F'^ + ^^5- 

Using a commutation relation: 

we can introduce creation (a^) and annihilation (a) operators: 

L 

2 \ 2 



. e 

TT 



(76) 



(77) 



20F 
. L 



(78) 
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which obey the canonical commutation relation 

[a, a^] = 1. 

Then the Hamiltonian Eq.(76) takes a form 

H^ac^rn{a^a + ^), (79) 

and with the help of Eq.(78) and Eq.(B.16) we obtain the time dependence of the 
axial charge: 



Q^it) = e^*^''-Q5e~'*''^"= = sj^ (e^"^*a^ + e-'™*aj . (80) 
Now using the formulae given in the Appendix B we can easily calculate t.e.v. 



2 



I3,vac 



oj sinh ^ 

So 



2 coshm(f - i(t -f)) . ^ 

^2 ^ (81) 



(g+(t)g+(t'))/3,.ac = {Q-{t)Q-{t'))p^,ac = - {Q +{t)Q -{t')) p^^ac 

- in (f\n (f'W _mL cos]im{l^-i{t-t')) 

Now let us calculate {j^{k,t)j^{k' ,t')) ^^f^^c- To this aim we will use the ex- 
pression of currents in terms of operators A,A\B and i?^ given in Eqs.(36). The 
nonzero contribution comes from the terms, where k and k' have opposite signs. 
E.g. in the case, where k > 0,k' < : 

{j+{k,t)j+{k',t'))p^exc = kSk-k' [{A{k,t)A\k,t'))p^excCosh^ a{k) 

+ {B\k,t)B {k,t'))p,exc sinh" a{k)] . (83) 

Then we have 

A{k,t) = e^*-^-=>l(A;)e-^*^-= = e-'^^''^*A{k) , 
A^{k,t) = e''"^-^A\k)e-''"^^^ = e'^^''^' A^ (k) , 

{A{k)A\k))0 
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-1 



and the same for B operators. Following this way and using Eq.(30) we finally get 



{U{x,'t)j^{x\t'))^ 



47rL sinh « 



sinh 



E 



Stt^L ^0 2E{k) sinh 



/3-E(fc) 
2 



cosh 



E(/c)(^-zt) 



(84) 



where x = x — x' ,t = t — t' . 

We have the following t.e.v. in the theory of the free quantum neutral 
nicissive (m = e/y^) scalair field A{x, t) on the circle {x ^ x' t'): 



Y E{k) sinh 



/3g(fc) 



cosh 



(85) 



where G^°^(i) is a term with k — Q: 



1 cosh 



it) 



2L msinh^ 



(86) 



and Gp,m{x-it) is the rest: 

G'/3,m(^, = 777 E 



21/ fe_^o -E^(^) sinh 



/3g(fc) 



cosh 



E{k){^-it) 



(87) 



Note that Gp^m{x,t) obeys the equation 

m^Gi},m{x, t) = {-d1 + a?) G^,,„(x, t) . 
Then from Eqs.(84) and (82) wc get 

1 / ~ _ 

{j+ix, t)j+{x', t'))f3,exc = — {d^dt - - ^ 1 Gi3,m{x, t) 



(88) 



(89) 
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and 
Finally 

1 / m^\ — 



271 \ ' 2 ^ 



where in order to get the second line we used Eq.(88). 
Similarly it can be shown that 

0-_(x, t)j4x\ t'))p = ^ {-dl -dl- 2d,dt) Gp,^(x, t) 

and ^ 

{j+{x,t)j-{x',t'))p = {j_{x,t)j+{x',t'))p = -—m'^G,3^^{x,t} 

Now since j±{x, t) — |(jo(x, t) ± ji{x, t)) we will get 

{jo{x,t)jo{x',t'))p = --dlGp^rn{x,t} , 

TT 

{jl{x,t)ji{x',t'))fi = --d^Gj3^rn{x,i) , 

TT 

{Mx,t)ji{x',t'))i3 = -d^dtG,3,rn{x,i) . 
TT 

Thus ^ 

{j^c{x,t)j^{x',t'))fs = £fip£uadpdaGp^rn{x,t) . 

TT 

3.3 Correlation function of the electric fields 

Now let us calculate the t.c.v. ■.{F{x,t)F{x',t'))p, where F{x,t) = e'^^F{x)e 
F{x) is the electric field. From Eq.(17) we get (for x ^ x',t ^ t') 

{F{x,t)F{x,t))p = {F{t)F{t'))0,,ac 
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With the help of Eq.(19) the calculation of {f{k,t)f{k',t'))i3^exc is reduced to the 
calculation of t.e.v. of currents which was done before (see e.g. Eq.(83)). So we 
obtain 

{F(x, t)F(x', t'))p = {F{t)F{t'))p,,ac + m^Gp,m{x, t) , (99) 
where Gp^rni^^t) is given in Eq.(87). From Eqs.(78) and (79) it follows that 

{F{t)F{t'))p,,,,^m'Gf^^{t) , (100) 



where (^^"^^(t) is defined in Eq.(86). Finally we get using Eqs.(85) and (88): 
{F{x, t)F{x', t'))p = {-dl + dl)Gp,m{x, t) 



(101) 



3.4 Thermodynamical expectation values of the gauge in- 
variant fermion bilinears 



Prom Eq.(39) using Eq.(B.14) we obtain in the excited sector 

(4(a:)e'^^.'-'(^')'^Vay))^,e.c = eS^>o[^-Kl/^-^WI^+l/^-^WI^)-*'^ 



£B(fc)l 



Using the exphcit form of Px,y given in Eq.(43) and Eq.(30) we get 



— + 



cosh 2a{k) — sinh 2a{k) cos 27Tk 



x-y 



E{k) \ L An^k^ J A7r^E{k)k' 



cos 27rk 



L 

x-y 



So 



(102) 



(103) 



(Ai^y^-^^ ^^"^ ^'^'^ '4^L{y))p,exc = exp <j ^ 

where 



fc>0 



1 



k LE{k) 



27r , l3Eik) 
coth ^ _^ ' 



+ I{x-y) (104) 



, e'L „ coth ^ 



47r2 



fc>0 



E{k)k^ 



1 — cos 27rk 



X 



(105) 



The calculations of the expectation value in the vacuum sector are similar to those 
of chiral condensate. Prom Eq.(39) we have 



(V^i(x)e-/:^(^')^^V^(y)),, 



--{UlU.e 



.Svriii^Q+v -in 



L 



(106) 



21 



Prom Eq.(52) it follows that 

e-^'^^^«+ = ^ /' ciA*jv,n(^)e-'"^^(^-^-^/') I AT, A) . (107) 

Then from Eq.(63) we get 

AT "'O 

and from Eq.(26) and the Mehler formula (55) it follows 

Vtt/ 

xE . (109) 

Now again extending the integration from [0,1] to (— oo, oo) we obtain that 

and finally taking into account Eq.(67) 

{i^i{x)e'^^:^^'''^''''My))p = (^l,^L)/.e-^M^-*^^+^(--^) . (Ill) 

The same result we will obtain for {ip\{x)e'^^y ^''^ '''^^ i^R{y))p- 

Now let us calculate {'^\i{x)e^ "^^^ ^"^^ tpji{y))p. Using Eq.(B.14) once more we 
obtain from Eq.(40): 

From Eqs.(44), (45) and (30) it follows that 

(x-y) 



1 — cos27r/c- 



:ii2) 



E{k) \ L 47r2A;2 
and 

(4(x)e^^^^ ^^^'^'^Vi.(y))Ae.c = (V^l,V^z,),e^-^^-(-^'°)+^(^-^) , (113) 

where in the last step we used definitions of Gp^mix, 0) and I{x) given in Eqs.(85)- 
(87) and Eq.(105), respectively and Eq.(67). 
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In the vacuum sector from Eq.(40) we obtain 

{^l^'n{^)e-^>^^'^'Un{y)),,.a. = ^(e-^-^«-),,.„ce-^ , (114) 

where 

= tdAe-^-^'^^^-^-y-)Y.^-^^^nA^)^NAA) . (115) 

Again using the Mehler formula (55) and extending the integration interval to 
(— oo, oo) we get 

^^-2..i^Q,^^_^^-^(.-.)^coth^ . (116) 

Finally 

(4(x)e-/:^(^')^^>^(y)), 

Similarly we will get from Eq.(42): 

(V^t(^)e-/;^(^')^^V,(^)), 

3.5 Densities correlation function (^/^(x, ^)'?/'(0, 0)'?/'(0, 0))/3 

The t.e.v. (^(x, t)ij{x, t)ij{0, 0)^^(0, 0));3 is a sum of four t.e.v. ((l));^, ((2))/3, 
and ((4))^, where 

(1) = 4(x,t)VL(x,t)4(0,0)V'L(0,0) , 

(2) = 4(a:,t)VR(a;,t)4(0,0)VL(0,0) , 

(3) = ^Jj(x,t)VL(.x,t)^i(0,0)VK(0,0) , 

(4) = ^|;l{x,t)Mx:t)^lMM^:^)■ (119) 
The dependence of t comes from: 

4(a;, t)M^, t) = e^*^4(a;)^^(a;)e-**^ , (120) 
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where H is the Hamiltonian 

H = Hyac + Hexc ■ (121) 

E.g. for we have 

{ij^ix, t)M^, ^)^i?(0, 0)V^l(0, 0))^,,ac 

= Z;^\TTn^^^ {e^*^"-^lj(x-)^aa;)e-^*^^-V'li(0)^L(0)e-'^^"-} (122) 

and 

{^IjUx, t)Mx, ^)4(0, 0)^l(0, 0)) to 

= Z-^,Tr {e^*^=^=^lj(a;)V^L(a;)e-**^^^^^/'Jj(0)^L(0)e-^^=^=} (123) 

For the calculation of these averages we will use that part of iP\i{x)iI)l{x) which 
contributes. 

From bosonization formula (37) it follows that for the calculation of (• • ■)f}^exc we 
may use instead of tl}^ji{x)tl}L{x) the following expression 

eEfc>o{i+/^-W^^(*^)-/3JW-Bt«-/3J(fc)^W+/3x(fc)s(fc)} (^24) 
Now we will use the formula (B.17) from Appendix B with the result: 

{{n))p,exc = exp < 2 > - - coth ■ 



k LE{k) 2 ) 



cos 



_..f27rA;f) 



coth cosh(it^(A;)) - sinh(itE(A;)) 



:^25) 



where C = — 1 for n = 1, 4 and C = 1 for w = 2, 3. 
Now we will prove that 

i_e-|^-thIl2^C|^(coth2Mcosh(iM)-sinh(itm)) ^ (^36) 

Let us calculate e.g. {{l))p^vac (for other (n)'s the calculations are the same) 

(4(a;, t)il^L{.x, t)4(0, 0)^^(0, 0))^,„,, 

= Z-iTr„_ {e^*^-4(a;)^i(a;)e-*^-4(0, 0)^^(0, 0)e-^^-} 

= ^.-acEe^'*~^^"''e-*"''^(^n|^kx)v^L(xO|i?„')(^^^ ,(127) 
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where we used the completeness of the states {l-Bn)} in the space Ti-vac 

Y,\En){En\ = l. (128) 

n 

As a spectrum of the Hamiltonian H^ac we take {nm, n = 0, 1, . . .}, because the 
constant terms in the spectrum (27) are not important for the t.e.v.. 
Again using (27) and the bosonization formula (37) we shall get 



n,n' 

Jo Jo 

Y: /'dA /'c^A/**',n'(^'i)*iVi,n(^i)(A^(,^'i|C/iC/-|A^i,A) (129) 

r. M> Jo Jo ' 



N,N' 

X 



and with the help of (63) 

((i)),,, = z-:x^^^^*~^^""^e-*"'"^ 



^- fdA fdA, Y: n4-l,n(^)*iV,n'(^)n,+l,n'(A)*iV„n(Ai). (130) 
- -lo Jo ^^^^ 



Using the Mchler's formula (55) twice in order to do the summations with respect 
to n and n' and using again Manton's periodicity condition 



^ JO J —oo 



we obtain (126). The details of the calculations are given in the Appendix C. 
Prom Eqs (125), (126), (68) and definitions (85), (86), (87) we obtain 

{{n}) = {{n))^Min))p,e.c = ^((^(:r)^(:r))^)^e^^-^^-(^'*) (131) 

and 

(V5(x,i)V^(x,i)^(0)^(0))^ = ((^(x)^(x))^)2cosh47rG'^,„(x,i) (132) 

3.6 Correlation function for the product of n-chiral scalars 

We introduce chiral scalars 

S^ix) = 4{x)^lj_^ix) , (133) 
25 



where C = ±1, ip+i{x) = ip+{x) = and our aim is to calculate the t.e.v. of the 

product of n such operators at arbitrary times. We will prove the following formula: 

{]lS(„{Xa,ta))0^ {{St:)i3)''ex.pl-4:7r E CaCl3Gf3,m{Xa-Xp,ta-t/3)> ,{134:) 
a=l [ a,l3,a<l3 ) 

where (-S"^)/? is given in Eq.(67) and can be rewritten as 

(5c)/3 = -^exp|-27rG^';L(0) + E^-27rG;3,n.(0,0)| . (135) 

Functions Gp^jn{x,t),G^p^^{t) and Gjs^rn{.x,t) are defined in Eqs.(85) - (87). Namely 
we will prove that 

n 



a=l 



P^exp|-27rnG^°L(0)-47r E UpG^^U^a-tA (136) 



and 



(H S<:^{Xa,ta))l3,exc = ^Xp i n ( E T " 27rG';3,^(0, 0) 
a=l [ \fc>0 

-47r E CaCpGp^rniXa- X0,ta-tp)\ . (137) 

a,3,a<l3 J 

Then due to the general statement expressed by Eq.(48) and using the explicit forms 
of the Green functions given in Eqs.(85)- (87) the formula (134)will be obtained. 

In order to prove (136) let us first find the representation of the chiral operator 
Si^{x) in the vacuum Hilbert space Hvac which has the basis {]£'„)}. From Eqs.(52) 
and (37) we have for the matrix element of the chiral operator: 

^ N,N' ''^ 

Since 

(TV', A'\UIU_^\N, A) = (^AT', - ^) (138) 
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we obtain 



= -7 E /' dArn'iA -N-C + 1/2)^„(A -N+ 1/2) , (139) 

where we used Eqs.(26) and (B.6). Now we can again extend the integration to the 
whole interval (—00,00) getting (see Eq.(B.7)) 

{Er,,\Sc{x)\Er,) = -- / dArn>{A - OMA) = —-{E„,\e-^<^-\E,,) , (140) 

where 

Pvac = ^y|(a^ - a) (141) 

is a momentum which corresponds to the vacuum Hamihonian H^ac given in Eq.(79). 
So we sec that the chiral operator Sc^{x) in the vacuum space Tivac can be repre- 
sented by the operator — ■i^e"'^^'"'^. Using this fact we can rederive the formula (64) 
straightforwardly 

(^c)A.ac = -^(e-^^^-=),,.c = -^(e^^(»^-«)),..c = -ie-^-K^) , (142) 
where again Eq.(B.14) was used. Then 

Q=l a=l 
= ^(li^'"["''^*"^"'^'*^*"^b/3,.ac, (143) 



a=l 

where /(t^) = x^e*"**" and we used exphcit form Eq.(141) of the momentum P^ac 
and formula (B.16). 

Furthermore with the help of the formula : e^e^ = ^a+b+^[a,b\ [^^5] jg ^ 
c-number we get 

a=l ^ 

271 

X exp E CaC/3^sinh[im(ia -i;3)] . (144) 

a,f3,a<l3 "^"^ 
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Now we can use Eq.(B.14) with the result: 

n 



[—1)"' I Tin , (3m 271 ^ ^ ^ , /3m , ^ 

a,f3,a<f} 

27r 



X exp ^""^PJ^ smh[im(t« - t^)] . 



a,l3,a<P 



(145) 



This is the formula (136) if we use Eq.(86). 
For the excited sector from Eq.(37) we get 



Si:A^a,ta))l3,exc = ©Xp 



a=l 



n 



k>0 



n 



a=l 



where 



1 



pa{k) = ^ (cosha(A;) - sinha(A;)) e-2'^*'=^+^-^(*^)*« 
Now using Eq.(B.17) and the fact that from Eq.(30) 



(147) 



(cosh q;(A;) — sinh «(/!;)) = 



LE(k) 



(148) 



we get 



( n % i^cc, ta))l3,exc = CXp ^ n ^ 



xexp^-47r ^ CaC/3 E 

a,p,a<l3 k>0 



fc>0 



k LE{k) 



27r , /3£^(A;)\ 
coth -^ ^ ^ ' 



2 J 



cos{2Txk^-^^^ 



X 



coth 



LE(A;) 

cosh[i(ia - i/3)-E(A;)] - sinh[i(fc, - ti3)E{k)\ 



(149) 



and this is the formula (137) if we use Eq.(87). 
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4 Relation between path integral and Hamilto- 
nian approaches 

In Eq.(85) the t.e.v. of the product of two free quantum neutral massive scalar fields 
A{x, t) on a circle at different space-time points was presented. In order to make 
a transition to Eucledian space-time (with the space-time coordinates {xi,X2)) we 
should make the following substitutions (analytical continuation in time) 

X ^ xi, L — >• Li, t — >• —ix2, /3 — >• L2 . (150) 

Then the propagator of this field on the Eucledian torus will be defined as 



\t=—ix2, t'=—ix'2 



{A{xi,X2)A{x[,x'2)) = 9{x2 - x'2){A{xi,t)A{x[,t'))i3 

+ e{x'2-X2){A{x'„t')A{xi,t))fs\t 

= 9{X2 - X2)Gi3^mixi - x[, -i{x2 - 4)) 
+ 9{X2 - X2)Gi3,rn{x[ - Xi, -i{x2 - X2)) 

1 e'^''^^^^ cosh [E{k) (if - \X2 - 41) 



2^1 Y £;(fc)sinh(^^) 

= Gm{Xl- X\,X2- X2) , (151) 

where we used Eqs.(85) and (73). Now if in addition to substitutions (150) we make 
substitutions 

dx di, dt id2, f{x, t) -ij2{xi, X2), j^{x, t) ji{xi, X2), 

Foi{x, t) iFi2{xi, X2), G/3,m(^, t) Gm{xi,X2) (152) 

we will get the results obtained in the results of path integral Lagrangian approach 
in Euchdean space-time [6], [7], [9] from the results obtained in this section. 
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Appendix A. Bosonization of the fermionic operators on the circle 

Let us first consider the bosonization of fermion field with positive chirality ( right 
movers) described by operators d{m). Prom Eqs.(8) and (11) we have the following 
commutation relations for A; > 

[j+{k), d{m)] = —a{m + /c), (A. la) 

\^X{k),a{m)] = -a(m - k). (A. lb) 

Then for the fermion field with positive chirality iPr{x) — '}2m^{''^)4>R,m{x) we 

get 

[u{k)Mx)] = -e-2-^'^tV^^(x), (A.2a) 
[j;(^),V.^(x)] = -e2-'=f^^(x). (A.2b) 
Thus iPr{x) field can be represented in the following form 

= 0+(a;)e-'^^(^)e'^(=^\ (A.3) 

where 

CXj -I 

A{x) = Y: TU{k)e'-''"- (A.4) 
fc=i 

and 0+(a;) commutes with all j+{k) and j\.{k){k > 0). As ipRi.^) reduces the number 
of right movers by one the operator (x) must also have this property. So acting 
on the RDSS one gets: 

d+{x)\N+, N_;A) = C+ix, N+)\N+ -1,N_;A), (A.5) 

where C+{x,N+) is a c-number, which can be found from the value of the matrix 
element 

(7V+ - 1, iV_; A\Mx)\N+, iV_; A). (A.6) 

Since 

{N+ -1,N.; A\dik)\N+, iV_; A) = dk,N^.iS{A - A) (A.7) 
we get from (A.3), (A.5) and (A.7) that 

C+{x,N+)^(f)N^_i{x) (A.8) 

Prom (A.5) it follows that the operator 

U+ = d+{x)C-\x,N+) (A.9) 
= ^d+(x)e-^''^*(^+-^)-^'Xr^(^')'^^'+2'^^^f 
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is independent of x and has the property 

U+a\k)U-^ = d\k - 1). (A.IO) 
We see that this 'vacuum changing operator' C/+ is unitary 

U+Ul = UIU+ = 1 (A. 11) 
and for an arbitrary function / of the 'number operator" f{N^) we have 

U+f{N+)=fiN+ + l)U+. (A.12) 

Using the relation Q'^_^^^ — — A — 1/2 we can introduce the (regularized) charge 
operator and 



From (A.12) it follows that 



(A.13) 
(A.14) 



Now we may formally introduce the operator P+ canonically conjugate to Q+ 

[Q+,P+]^i. (A.15) 

Then C/+ may be represented as 



U+ = e 



and 



e'^+\N+, A) = |A^+ - 1, N^;A) 
Prom (A. 3), (A. 4) and (A.13) we get the bosonization formula 



(A.16) 

(A.17) 
(A.18) 



X e 



or 



where 



<^+(a;) = (^+(x) 



20F 



Ob Ob f"^ 

2TT—Q+ - TT- + e / A(a;')(ia;' 
L L Jo 



(A.19) 
(A.20) 
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and 

The normal ordering :: is taken with respect to the currents j+{k) and j\-{k), which 
obey the commutation relation Eq.(12). The periodicity of iPr{x) given in (A. 19) 
follows from the equality (see (A.21) 

-i2y/^(p+{L) = -i2^/^ip+{0) + 2m{Q+ - 1/2 + A) (A.22) 

and the fact that acting on a vacuum state 

(g+ - 1/2 + A)\N, A) = {N- 1)\N- A). (A.23) 

For the fcrmion field with negative chirality (left movers) described by the operators 
h{m) the calculations are very similar. Since for /c > 

[j_ (fc) , 6(m)] = -6(m + A;) , (A.24a) 

[il {k) , b{m)] = -b{m-k), (A.24b) 
for iPl{x) = J2mb{'rn)(l>L,m{x) we get 

[Uk),Mx)] = -e-'^'^'T^^ix) (A.25a) 

\]Uk),M^)] = -e'^'^'^M^) (A.25b) 
and field can be represented as 

i>L{x) = 0_(a;)e^^^(^)e^(^), (A.26) 

where 

OO -1 

B{x) = J2-jUk)e-'-^'T (A.27) 

k=i 

0_{x) commutes with all j-{k) and j-{k) and has the property 

d4x)\N+, N_; A) = C4x, N_)\N+, N_; A), (A.28) 
where C-{x, N_) is a c-number which can be found from 

N_ + 1; A\Mx)\N+, N_; A'). (A.29) 

Since 

{N+, N_ + 1; A\b{k)\N+, A') ^Sk,NJ{A- A') (A.30) 
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we get 

C4x,N_) ^(f>N_{x). (A.31) 
Prom (A. 28) it follows that the operator 

[/_ = d_{x)Cz\x,N_) (A.32) 

is independent of x and has the property 

uJ\k)UZ^ ^b^{k+l). (A.33) 

The operator t/_ is a unitary operator 

C/_C/i = C/iC/_ = 1 (A.34) 

and for an arbitrary function of the number operator f{N-) we have 

U-f{N-) = f{N- - 1)U-. (A.35) 

Using the relation Q^J^^ — —N_+A+l/2 we write in terms of the (regularized) 

charge operator Q- 

d_{x) = J_lJ_e-^-iTQ-+^-T:+^ej; A{x')dx' _ j-^gg^ 

Vl 



From (A.35) it follows that 
Introducing P_ such that 
we may write U- as follows 
and 



= [/_. (A.37) 
[g_,P_]=i (A.38) 



[/_ = e^-^- (A.39) 



e^'^-|A^+,A^_;A) = \N+, N_ + 1; A) . (A.40) 
So in analogy with (A. 19) we may write 

i^L{x) = ^f/- : e-^'^'^-(^) :, (A.41) 



where ^ 
(^-(x) = (^_(x) + 



20F 



27r^Q_ - TT^ - e T A(a;')c?x' 
L L Jo 



(A.42) 
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and 

^-W = 5^i:i3-We«* (A.43) 

The normal ordering :: is taken with respect to the currents j-{k) and j-{k), which 
obey the commutation relations Eq.(12). 

The periodicity of ifji^x) given by Eq.(A.41) follows from the equality 

-i2v^(^_(L) = -i2V7r(^_(0) - 2m{Q- -1/2- A) (A.44) 

We know that acting on a vacuum state |A^, A) 

{Q- - 1/2 - A)\N, A) ^ -N\N, A). (A.45) 

In order to make fields with the different chirality to anticommute we will introduce 
for the field i1^l{x) a so-called Klein factor 

and will take a form 

iPLix) = -^C^U- : e-^2V^'^-(^) : . (A.47) 



Introduction of the Klein factor could only change the sign in the matrix element 
(A. 29) or (A. 30). Such a change is permited since different RDSS could have differ- 
ent phases which are not fixed a priori. 

Appendix B. Thermodynamics of Hcirmonic Oscillator 

In this appendix we present t.e.v. for some operators in the simple theory of a 
one-dimensional harmonic oscillator with the Hamiltonian 

In terms of creation (a^) and annihilation (a) operators which obey the standard 
commutation relation 

[a, a^] = 1 (B.2) 

it has a form 

H ^uiafa + h, (B.3) 
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and for the coordinate and momentum operators we have 

1 



X 



> + a) , 



p^i^-[a+ -a) , 



(B.4) 



(B.5) 



respectively. Eigenfunctions of the Hamiltonian in the coordinate representation are 

^CU\V4 1 



Note that in this theory 



(2"n!)V2 



Hn{^/ux)e 2^ 



(B.6) 



y - C)'lljn{x)dx = j {En'\x - C){x\En)dx 

= J {En'\e-'^^\x){x\En)dx = 



(B.7) 



since e — \x — (). 

T.e.v. of any operator /(a^, a) 



(/(at,a))^ = Z-iTr(/(at,a)e-^^) , 



(B.8) 



where Z — Tr (e is a partition function, can be easily calculated with the help 
of the formulae 



1 



{a^a)p — n(oi)) — 



^ 1 - e-^'^ 

For the partition function Z we have 

2 sinh 



n -1 



(B.9) 
(B.IO) 
(B.ll) 

(B.12) 



Z = Tr(e-^^) = 
With the help of (B.8) we obtain e.g. 

(B.13) 



k.m 



k\ 
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Then 

^gaat+7a^^ = (e"''^e^")/3e^"^ = e°^^"^'^^"^^^ = ei°7coth(|/3a)) ^ (B.14) 

where we have used BH formula: if [^4, B] is a c-number 
The following formula 

e^"^V(a^ a)e-""^'^ = f{e'a\ e'^a) . (B.16) 

can be used for finding time dependence of the operators and in the calculations of 
thermodynamical correlators. 

For two independent harmonic oscillators with the same frequencies, which are 
described by the Hamiltonian H = uua^a + uub'^b (we omit the constant terms which 
are not important for t.e.v.) with the help of Eqs.(B.14)and (B.16) we can get 

n 



a=l 



exp { - ^ iTaT coth — - il<^l*5 + 7a75) coth — cosh u{it a - its) 

a=l ^ a,5(a<5) ^ 



— sinha;(ita — '^^5) } (B-17) 

The second sum in {. . .} exists only if n > 2. 
Appendix C 

We have two sums 

00 

^1 = E e-(^-^*)""^*Wl,n(^)*iV„n(Ai) (C.l) 
n=0 

and 

CXD 

52 = E e-''"™^^,+i,.(A)^iv,„(^) (C.2) 

n=0 

Let us first calculate 82- From (26)) we have 

S.= [-) e-^-^ ^H^{x)HM4^, (C.3) 
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where 

a; = x/^(iVi-A + l/2), y = ^{N - A - 1/2), i = e-''^ 
Using the Mehler's formula (55) we get 

S, = (^) (1 - er"' ^M^xyS - {x' + y'h] , (C.4) 

where 

7 = —7 = - coth.[ttm), ~ 



2(1-^2) 2 ' " 1-^2 2smh{itm) 

For the first sum we get the similar expression 

^1 = (^) (1 - i')-'/' exp[2xy5 - (x' + f)^] , (C.5) 

where 

X = V^(A^ - i + 1/2), y = V^(Ari - Ai - 1/2), I = e-^^-'*)'". 



2(l-a 1-e 
Integrations 

Let us first consider the integral with respect to A and the sum with respect to 
N. The variables which contain A and N are x and y {x — y + y/oJ). From (130), 
(C.5) and (C.4) it follows that we should calculate the sum and the integral 

Using Manton's perodicity condition (24) we can again substitute 

fl _ roo _ 

EldA^ dA 
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and 



h 



■W7 



+ 7) 



(xS + yS — y/U'y) 
> 7+7 



(C.6) 



Now we should do the summation with respect to A^i and integration with respect 
to Ai. The variables which contain A^i and Ai are y and x {x — y + ^/uj) and we 
must calculate 

I ^Y. t dA,h{x,y)e-^'^-y''^ 



The result is 



where 



iVi 



7 = 



TT 



ITT 

—e 



-u;(7+7) 



a;(7 + 7) V a 

■(7 + 7)' -is + ~s) 



62 u,(a-^)2 



a; 



a = 



7 + 7 



(C.7) 



(C.8) 



a;[(5 + 5)(5-7)-(7-^)(7 + 7)] 



7 + 7 

So for ((l))mc in (130) we finally get 

1 1 



((l))mc — -^uac 



L2 



(7+7)^-(5+5)V(i-a(i-a 

X exp 



-a; 7 + 7) + a;^ ^ + — 

7 + 7 a 



(C.9) 



(C.IO) 



The rest of the calculations is just to do some simplfications dealing with hyperbolic 
functions 



6 + 6 = A^{j + j), 5-7 = ^2(7 + 7), 7-^ = ^3(7 + 7), (C.ll) 



where 



Ai 



cosh ^1 — it^m 
cosh |m 



(C.12) 



sinh(/3 — it)m — cosh(/3 — it)msmh itm 
sinh /3m 



(C.13) 
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coshitmsmh.(d — it)m — sinhitm 

As = -^nr ^-^^ 

smn pm 

Note that 

^3 = ^2-^1 + 1 . (C.15) 

The expression for a in (C.8) is simple 

a = a;tanh^— , (C.16) 

a sinh^cosh^ ^^^^^ 

7 + 7 = = (C.17) 

a;(l — ^4^) sinh(/5 — it)m sinhitm 

For h defined in (C.9) we have 

6 = a;[AiA2 - ^31(7 + 7) 

and using (C.15) 

6 = a;(Ai-l)(l + ^2)(7 + 7) (CIS) 

and for y^/awe get 

and for the whole exponent in (CIO) we get 

-ujH + 7) + CO z — = 2a— rr-r. 

^ ' 7 + 7 « (l + ^i) (l-^i) 

uj , m(5 ijj ( , m/5 , . . , . \ 

= coth coth coshmzi — smhmzi C.zO 

2 2 2 \ 2 ) ^ ' 

and this is the exponent in (126) when ^ = — 1. 

For the factor in front of the exponential function in (CIO) we should use 
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/3 m 

e 2 

4 sinh(/3 — it)m sinh itm 
The vacuum partition function in these calculations is 

/3m 

^"'^ 2 sinh ^ 
since in the Hamiltonian i?„„r we omitted the constant terms 
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